Abstract. In this note we show how the main conjecture of the Iwasawa theory over Q has a natural place in the context of the Galois representation of GalpQ{Qq on the etale pro-p fundamental group of the projective line minus three points. However we still need to assume the Vandiver conjecture to get a proof of the main conjecture in this context.
Introduction
Let us fix an odd prime number p. Let M p (resp. M p ) be the maximal abelian pro-p extension of Qpµ p 8 q (resp. Qpµ p 8 q`) unramified outside p. Let us denote X 8 " GalpM p {Qpµ p 8 q`q and G " GalpQpµ p 8 q`{Qq.
The group G acts on X 8 by conjugation and hence X 8 is a Z p rrGss-module. By a wellknown theorem of Iwasawa X 8 is a finitely generated torsion Z p rrGss-module. The structure theorem of finitely generated torsion Z p rrGss-modules then implies that X 8 is pseudoisomorphic to ' i Z p rrGss{pf i q for some f i P Z p rrGss. The main conjecture of Iwasawa theory, proved by Mazur-Wiles [10] and independently by Rubin (appendix in [9] ), states that p ź f i q " ζ Q,p¨I pZ p rrGssq,
where IpZ p rrGssq is the augmentation ideal and ζ Q,p P F racpZ p rrGssq is the p-adic zeta function of Kubota-Leopoldt. For a more detailed description the reader should consult [1, pages [1] [2] [3] [4] [5] [6] [7] [8] . Let L p be the maximal pro-p abelian extension of Qpµ p 8 q unramified everywhere. Then L p is contained in M p . Let Γ :" GalpQpµ p 8 q{Qq -Zp .
The group Γ acts on GalpL p {Qpµ p 8by conjugation. The main conjecture can also be stated in terms of the Z p rrΓss-module GalpL p {Qpµ p 8(see [1, the beginning of section 1.4] and [13, chapter 14, section 14.5] ). In this note we present a proof of the main conjecture for GalpL p {Qpµ p 8 qq, assuming the Vandiver conjecture for a prime p. We remark that it was already observed by Iwasawa that the main conjecture is a consequence of Vandiver's conjecture. We place our proof in the context of the natural representation of GalpQ{Qq on the pro-p etale fundamental group of P 1 Q´t 0, 1, 8u based at the tangential point Ĺ 10, where the main conjecture over Q has perhaps its natural place. We point out that the p-adic zeta function of Kubota-Leopoldt appears naturally, while considering this Galois representation (see [16] ).
Our proof is based on construction of the cocycle Ap Ĺ 10q : G Q Ñ Z p rrZ p ss defined in [16] (and denoted there by ζ p ), whose construction will be given in section 2 and on the Ihara's formula ż Zp x m´1 dAp Ĺ 10qprclspǫqqpxq " L p pm, ω 1´m qp1´p m´1 qCW m pǫq, for m ą 1 and odd (see [7, formula on the page 105]). Let us explain briefly the notations and objects appearing in the formula. Let U 1 8 be the projective limit with respect to the relative norm maps of the principal units of Q p pµ p n q. Let K p be the field extension of Qpµ p 8 q generated by all p powers roots of 1´ξ i p n for all n and all 0 ă i ă p n . In the formula, ǫ P U 1 8 , rcls : U 1 8 Ñ GalpK p {Qpµ p 8 q is induced from the local class field theory maps, CW n : U 1 8 Ñ Z p are Coates-Wiles homomorphisms, L p is the p-adic L-function of Kubota-Leopoldt and ω is the Teichmüller character. Our principal result is the following consequence of the Ihara's formula. In the last formula, f ǫ is the Coleman power series associated to ǫ, the power series ∆pf ǫ q is defined by p∆pf ǫ qqpT q " p1`T qf 1 ǫ pT q{f ǫ pT q. Further, µ g denotes the measure on Z p associated to a power series gpT q P Z p rrT ss and µĝ denotes the restriction of the measure on Z p to Zp (again we have implicitly used isomorphisms between the ring of Z p -values measures on Z p , the ring Z p rrZ p ss and the ring Z p rrT ss, the latter obtained by fixing 1 P Z p as its topological generator). The element ζ p is the p-adic zeta function we shall construct in this paper. 
where pζ p q is the augmentation ideal of Z p rrZp ss times ζ p .
The action of Z p rrΓss on Z p rrZp ss will be defined in section 2. In particular the action of´1 P Γ is an involution, hence any Z p rrΓss-module is a direct sum of the`and´parts. [7] . The proof presented in this note is simpler, and moreover it can be applied in more situations, for example to study surjectivity of Soulé classes for roots of unity or more generally of l-adic Galois polylogarithms introduced in [14] , though in fact it has some common points with the alternative proof given on page 333 in [5] . The proof of the main conjecture over Q is then an easy consequence of corollary 1.2 and lemma 1.3. Our last result is the generalization of the Ihara's formula for all integers m. The case m " 1 is the most interesting as then the residue at 1 of the p-adic zeta function appears.
2. The cocycle associated to the path from Ĺ 01 to Ĺ 10 Let V n " P 1 Q zpt0, 8u Y µ p n q and let γ n be a path on V n from Ĺ 01 to 1 p n Ĺ 10 along the interval r0, 1s. Let π 1 pV n , Ĺ 01q denote theétale pro-p fundamental group of V n based at Ĺ 01. We denote by x n and by y k,n for 0 ď k ă p n the standard topological generators of π 1 pV n , Ĺ 01q, loops around 0 and ξ k p n for 0 ď k ă p n respectively (see [15, section 1] ). Let σ P G Q . Then, written additively,
for some coefficients α pnq i pσq P Z p . Proposition 2.1 (see [12] , [15] and [16] ). For any σ P G Q the family of functions
It follows from the proposition that we get a continuous function
Let τ, σ P G Q . It follows from the identity γ´1 n ppτ σqpγ n" pγ´1 n τ pγ n qq¨τ pγ´1 n σpγ nthat 
We recall from the introduction that
Observe that K p is an abelian, unramified outside p, pro-p extension of Qpµ p 8 q. 
pσqris " χpτ q Hence it follows that Ap Ĺ 10q is a Γ-map. The injectivity following from the definition of the field K p and the explicit description of Ap Ĺ 10q given in proposition 2.3.
The restriction to Zp
The multiplicative group Zp is a closed and open subset of Z p . It follows from the formula in equation (3) that the restriction map R : Z p rrZ p ss Ñ Z p rrZp ss, which associates to a measure µ on Z p its restriction to Zp , is a morphism of Z p rrΓss-modules. We shall also denote the measure Rpµq by µˆ. For σ P GalpQ{Qpµ p 8 qq, we denote the restriction of the measure Ap Ĺ 10qpσq to Zp , by Ap Ĺ 10qˆpσq. We denote the composition
by z p . The action of´1 P Γ is an involution, hence GalpK p {Qpµ p 8and Z p rrZp ss are the direct sums of their`and´parts. Moreover, z p induces morphism of Z p rrΓss-modules
for ǫ P t`,´u.
Proposition 3.1 (See also [16] , corollary 1). We have (i) The morphisms z p and zṕ are injective.
(ii) The group GalpK p {Qpµ p 8 qq`" 0.
Proof.
Observe that κp1´ξ i p n q, for 0 ă i ă p n and pi, pq ą 1, as well as κp 1 p n q can be expressed as sums of κp1´ξ k p n q with 0 ă k ă p n and pk, pq " 1. Hence it follows from propositions 2.3 and 2.4 that z p is injective.
Let a " p ř p n´1 i"0 a pnq i risq nPN P Z p rrZ p ss. Then p´1q P Γ acts on a as follows
Hence it follows that
For σ P GalpK p {Qpµ p 8 qq, we have
by proposition 2.3. The identity 1´ξ´i p n " p´ξ´i p n qp1´ξ i p n q implies that κp1´ξ´i p n q " κp1´ξ i p n q on GalpK p {Qpµ p 8 qq. Hence it follows that for σ P GalpK p {Qpµ p 8 qq, we have Ap Ĺ 10qpσq`" 0 and
Therefore
GalpK p {Qpµ p 8 qq`" 0 and the map zṕ given by
nd let C n be the group of cyclotomic p-units of Qpµ p n q, i.e. the subgroup of E n generated by µ p n and elements 1´ξ k p n for 0 ă k ă p n . Let S n be a set of all integers between 0 and p n {2 that are coprime to p.
Lemma 3.2. The following conditions are equivalent:
(i) the map
induced by the inclusion E n Ă Qpµ p n qˆis injective. Therefore by the Kummer theory the map α n is surjective if and only if the subgroup of E n {E p n n generated by elements 1´ξ i p n , i P S n is isomorphic to pZ{p n Zq |Sn| . It follows from [13, theorem 8.9 ] that there is no multiplicative relation between ξ p n and the elements 1´ξ i p n for i P S n . Hence α n is surjective if and only if the subgroup of E n {E p n n generated by elements 1´ξ i p n , i P S n and by ξ p n is isomorphic to pZ{p n Zq |Sn|`1 . The last condition holds if and only if the subgroup of E n {E p n generated by elements 1´ξ i p n , i P S n and by ξ p n is isomorphic to pZ{pZq |Sn|`1 . If p divides |E n {C n | then there is u P E n such that u p P C n but u R C n . Any element of C n can be written in a unique way in the form˘ξ a 0 p n ś iPSn p1´ξ i p n q a i (see [13, theorem 8.9] ). Hence
where at least one of a i ı 0 modulo p. But then the subgroup of E n {E p n generated by ξ p n and 1´ξ i p n for i P S n will have the rank smaller than |S n |`1. Therefore i) implies ii).
If p does not divide |E n {C n | then the map C n {C p n Ñ E n {E p n is injective. The elements ξ p n and 1´ξ i p n for i P S n taken modulo C p n form a basis of C n {C p n . But it implies, going backwards all equivalent statements, that i) holds.
Lemma 3.3. The following conditions are equivalent:
given by σ Þ Ñ pκp1´ξ i p n qpσqq iPSn , is surjective by lemma 3.2. Let m ě n. Let us assume that p does not divide |E m {C m |. Then it follows from the Bass theorem (see [13, page 150 and Theorem 8.9.]) that the map
given by σ Þ Ñ pκp1´ξ i p n qpσqq iPSn , is surjective. Hence the assumption ii) implies that for all n P N the maps
p n qpσqq iPSn , are surjective. Therefore the map zṕ : GalpK p {Qpµ p 8Ñ Z p rrZp ssí s surjective. Hence it follows from proposition 3.1 that the map zṕ is an isomorphism.
It follows from lemma 3.2 that i) implies ii).
The multiplicative structure of Z p rrZp ss
We denote by Z p pkq the ring Z p equipped with the action of Γ given by
The infinite product ś 8 k"1 Z p pkq is equipped with a multiplicative structure given by Proof. It is evident that Φ is continuous. Let us first show that the map Φ is a map of Z p rrΓss. By continuity of the it is enough to check that Φpgµq " gΦpµq for each g P Γ and for µ " ř xPZp a x rxs P Z p rZp s. By our convention (see formula (3))
Hence Φpgµq "˜ÿ
Next we show that Φ is multiplicative i.e. Φpµνq " ΦpµqΦpνq. Again by continuity we can need to check this for µ " ř x a x rxs and ν " " Φpµνq.
Observe that
It follows from proposition 3.1 and lemma 4.1 that the composition
is an injective morphism of Z p rrΓss-modules.
The Coates-Wiles homomorphism
We recall briefly some results of Coleman presented in [1] . Let U n :" Z p rµ p n`1 sˆand put U 8 :" lim Ð Ýn U n , with the projective limit taken with respect to the norm maps. Let N : Z p rrT ss Ñ Z p rrT ss be the norm map defined in [1] 
For f P Z p rrT ss we define ϕpf qpT q :" f pp1`T q p´1 q. The trace operator ψ : Z p rrT ss Ñ Z p rrT ss is a continuous Z p -homomorphism characterized by the identity
We set Z p rrT ss ψ"id " tf P Z p rrT ss : ψpf q " f u.
We define a map rCols : U 8 Ñ Z p rrT ss to be the map ǫ Þ Ñ ∆pf ǫ pT qq. Proof. It follows from [1, Theorem 2.4.6 and lemma 2.4.5] that rCols is surjective with kerprColsq " µ p´1 .
We recall that the action of Γ on Z p rrT ss is defined by cpf q " cf pp1`T q c´1 q. The map ǫ Þ Ñ f ǫ pT q commutes with the action of c P Γ defined by cpf q " f pp1`T q c´1 q. Hence, when we compose with ∆, we get that rCols is a Γ-map. The map rCols is a morphism of Z modules, hence by continuity it is a Z p , whence a map of Z p rΓs-modules.
We recall the definition of the Coates-Wiles homomorphisms. Let ǫ P U . We define numbers CW ǫ k for k ě 1 by the identity.
We get then maps CW k : U 8 Ñ Z p pkq. which are morphisms of Z p rrΓss-modules (see [1, 
lemma 2.6.2]).
We recall that P : Z p rrZ p ss Ñ Z p rrT ss is the Iwasawa isomorphism characterized by Ppr1sq " p1`T q and that in our notation if f P Z p rrT ss then µ f :" P´1pf q. Then we have
Proof. Let f P Z p rrT ss ψ"id . The condition ψpf q " f is equivalent to the condition pϕψ qpf q " ϕpf q. Hence it is equivalent to the equality
The power series
Ppµf qpT q " f pT q´1 p ÿ ξPµp f pξp1`T q´1q.
Hence if f P Z p rrT ss ψ"id then
Ppµf qpT q " f pT q´f pp1`T q p´1 q.
On the other side we have that
Hence it follows that ż
for k ě 0. In particular, ş Zp dµf pxq " 0.
We state the last result as a corollary.
Corollary 5.4. Let f P Z p rrT ss ψ"id . Then ż Zp dµf pxq " 0.
Corollary 5.5. Let ǫ P U 8 . Then
Group of units
Following Ihara (see [7, Section IV, page 93]) we set U 1 n :" tu P Z p rµ p n`1 sˆ: N puq " 1 and u " 1pmod pξ p n`1´1qqu, where N : Q p pµ p n`1 q Ñ Q p is the norm map. Let
be the projective limit with respect to the relative norm maps.
We have U n -U 1 nˆp Z{pZqˆfor all n ě 1. Hence it follows that
Z{pZqˆ. Next we show that U 1 8 " U 1 8 . Let u n P U 1 n . Then N pu n q " 1pmod p n q (see [4, page 113, exercise 4.a]). Let pu n q P lim Ð Ýn U 1 n . Then for all m ě n, we have N pu m q " N pN m,n pu m" N pu n q, where N m,n is the relative norm map. Hence N pu n q " 1pmod p m q for all m ě n. Therefore u n P U 1 n . Hence U 1 8 " U 1 8 and the result follows. We denote by E n and C n , the group of units and cyclotomic units, respectively, in Qpµ p n q. Let Qpµ p n q`be the maximal real subfield of Qpµ p n q. We denote by Eǹ and Cǹ the group of units and cyclotomic units in Qpµ p n q`and by Eǹ and Cǹ the group of p-units and cyclotomic p-units in Qpµ p n q`. Proof. The Vandiver conjecture for p implies that p does not divide the class number hpQpµ p n q`q for all n ě 1 ([13, corollary 10.6]). Hence p does not divide |Eǹ {Cǹ | for all n ě 1 ([13, theorem 8.2]). We have E n " µ p n Eǹ ([13, theorem 4.12 and corollary 4.13]) and C n " µ p n Cǹ ([13, lemma 8.1]). Hence it follows that Eǹ {Cǹ -E n {C n . Therefore it follows from the above lemma that p does not divide the order of E n {C n for all n ě 1. Proof. It follows from proposition 3.1,ii) that K p Ă Mṕ . Another proof is in [8, on page 248]. First we shall show that Mṕ is generated over Qpµ p 8 q by p n th rootsQpµ p n q`of p-units of Qpµ p 8 q`for n P N.
Lemma 6.2. The inclusions E n ãÑ E n and Eǹ ãÑ Eǹ induce isomorphisms
The extension Qpµ p 8 q ãÑ Mṕ is pro-p, abelian. Hence it is generated by Kummer extensions of the form Qpµ p n q ãÑ M " Qpµ p n qpa 1{p r q for some a P Zrµ p n s. We can assume that a P Zrµ p n s`.
Let q be a prime ideal of Zrµ p n s`not dividing p. If a R q then the extension Qpµ p n q ãÑ M is unramified over q. Let us assume that a P q. Then the extension M of Qpµ p n q is unramified over q if and only if a P q kp r for some k ą 0 and a R q kp r`1 . If q is a principal ideal generated by q P Zrµ p n s`then a " q kp r a 1 , a 1 R q and M " Qpµ p n qpa 1{p r 1 q. So let us assume that q is not a principal ideal. The fact that p does not divide hpQpµ p q`q implies that p does not divide hpQpµ p n q`q (see [13, corollary 10.6] ). Hence there is a positive integer s coprime to p such that q s is a principal ideal generated by some q P Zrµ p n s`. Observe that a s " q kp r a 1 , a 1 R q and Qpµ p n qpa 1{p r 1 q " M by the Kummer theory. Therefore Mṕ is generated over Qpµ p 8 q by p-units of Qpµ p n q`for n P N.
It follows form [13, Corollary 10.6 and Theorem 8.2] and from lemma 6.2 that p does not Qpµ p n q`divide | Eǹ {Cǹ |. Hence it follows from the Kummer theory that Mṕ is generated over Qpµ p 8 q by cyclotomic p-units of Qpµ p n q`for n P N. The elements 1´ξ i p n for i between 0 and p n {2 and coprime to p and ξ p n generate p-units of Qpµ p n q. The p-units of Qpµ p n qc an be expressed by these p-units of Qpµ p n q. Hence it follows that Mṕ Ă K p .
The main formula
We recall the formula from [7, page 105]
for all odd integers m ą 1 and all ǫ P U 1 8 . We shall rewrite the formula in terms of integrals over Zp . It follows from identities in (6) and (7) 
]).
Let j : Zp Ñ Zp be defined by jpxq " x´1. Then j induces j˚: Z p rrZp ss Ñ Z p rrZp ss. Let us set E c :" j˚pE1 ,c q.
Finally we define a measure F c on Zp by dF c pxq :" xdE c pxq.
It follows from the definition of the measure F c that
Let c P Zp . Let δ c be a measure on Zp defined by ş Zp f pxqdδ c pxq " f pcq for any continuous function f on Zp . Observe that (12) 1´c 1´m "
ż Zp x m´1 dpδ 1´δc´1 qpxq.
Lemma 7.1. Let m ě 1 and let ǫ P U 8 . Then
Proof. It follows from (10), (11) and (12) that the formula (9) can be written in the form (13) for m ą 1 and odd. Observe that the formula (13) holds also for m " 1 as then both sides vanish. Notice that the left hand side of the formula (13) vanishes for m ą 0 and even. On the other side L p pm, ω 1´m q " 0 for m even as then 1´m is odd. Hence equation (11) implies that the right hand side also vanishes for m ą 0 and m even.
Proposition 7.2. Let ǫ P U 8 and let c P Zp´µ p´1 . Then
Proof. The proposition follows immediately from lemma 7.1 and lemma 4.1.
Let S be the set of all non-zero divisors in the ring Z p rrZp ss. We set F :" S´1Z p rrZp ss for the total ring of fractions. in Z p rrZp ss. Therefore the lemma follows as δ 1´δ c´1 1 and δ 1´δc´1 are not zero divisors in F.
Let f P Z p rrZp ss. We denote by pf q an ideal of Z p rrZp ss generated by f .
Proof. Observe that L p pm, ω 1´m q " 0 if m is even as then 1´m is odd. Hence it follows from the formula (11) that ż Zp x m´1 dF c pxq "´p1´c 1´m qL p pm, ω 1´m q " 0 for m even. Hence it follows that ΦpF c q P`ś 8 k"1 Z p pkq˘´. Therefore it follows from lemma 4.1 that F c P Z p rrZp ss´and also that the ideal pF c q Ă Z p rrZp ss´. Definition 7.6. Let c P Zp´µ p´1 . We set
It follows from lemma 7.4 that the element ζ p P F does not depend on a choice of c P Z p´µp´1 . Moreover it follows from [1, Lemma 4.2.4.] that ζ p is a pseudo-measure. Proof. It follows from corollary 5.2 that the image of U 8 by the map rCols is equal to Z p rrT ss ψ"id . Let f P Z p rrT ss ψ"id . Then it follows from lemma 5.3 that
Hence it follows that µ∆ pfǫq P IpZp q for ǫ P U 8 .
Let ν P IpZp q. Then Ppνq P Z p rrT ss ψ"0 and Ppνqp0q " 0. It follows from [1, Lemma 2.4.3.] that there is g P Z p rrT ss ψ"id such that Ppνq " g´ϕpgq. Moreover g " rColspǫq " ∆pf ǫ q for some ǫ P U 8 by corollary 5.2. We have Ppµ∆ pfǫ" ∆pf ǫ q´φp∆pf ǫ" g´φpgq " Ppνq by lemma 5.3. Hence it follows that ν " µ∆ pfǫq . In this section we show that the Ihara formula from Introduction holds for all m. In fact only the case m " 1 requires a careful proof. Proof. We recall that E 1,c is the regularized Bernoulli measure and E1 ,c is its restriction to Zp . The power series PpE 1,c q is equal 1{T´c{pp1`T c´1 q (see [9, Chapter 4, Proposition 3.4.]).Hence it follows from lemma 5.3 that
Observe that ε "`ξ p n`1´1 ξ c p n`1´1˘n PN P U 8 . The corresponding power series f ε " T p1`T q c´1 belongs to W . Let us set
It follows from [1, lemma 2.5.1] that gpT q P Z p rrT ss Ψ"0 . The operator D defined by pDf qpT q :" p1`T qf 1 pT q is an automorphism of Z p rrT ss Ψ"0 (see [3, Corollary on page 2]). One checks that Dg " PpE1 ,c q .
(see [11, Lemma 3.4 
.]).
We define a sequence of Z p -algebra isomorphisms Z p rrZp ss Ñ Z p rrµ p´1ˆp 1`pZ p qss, Zp Q rxs Þ Ñ rωpxq, xωpxq´1s P Z P rrµ p´1ˆp 1`pZ p qss;
`pZ p ss, rε, xs Þ Ñ εrxs, where we view µ p´1 as an abstract group denoted by ∆; Z p r∆srr1`pZ p ss Ñ Z p r∆srrZ p ss, rxs Þ Ñ r log x log q s,
where q " p`1 if p ‰ 2 and q " 5 if p " 2. The composition of these isomorphisms we denote by α. Let ε : Z p r∆srrZ p ss Ñ Z p rrZ p ss be the augmentation map with respect to ∆. Let us set A :" ε˝α .
Then A is also a morphism of Z p -algebras. Proof. One cheks that the formula is true for any µ P Z p rZp s. Hence by continuity the formula holds for any µ P Z p rrZp ss. log c log q . Hence we have the following equality of power series in Z p rrT ss PpApµqqpT q " p1´p1`T q x 0 q¨PpApνqqpT q .
It follows from lemma 9.2 that
PpApµqqp0q "
Comparing the coefficients at T we get ż In the next proposition we present the analogue of the Ihara formula from Introduction for m " 1. Notice that 1´p´1 appearing in our formula is the residue of the p-adic zeta function of Kubota-Leopoldt. Proof. Let c P Zp be such that its class modulo p 2 generates pZ{p 2 Zqˆ. Following corollary 5.5 ş Zp dµ∆ pfǫq " 0. Hence it follows from lemma 9.3 that there is a unique ν ǫ,c P Z p rrZp ss such that µ∆ pfǫq " pδ 1´δc´1 q¨ν ǫ,c .
Hence it follows from proposition 7.2 that Ap Ĺ 10qˆprclspǫqq " F c¨νǫ,c . 
